Introduction {#Sec1}
============

The problem of stability is central to the entire field of nonlinear wave propagation and is a fairly broad subject. Here, we are specifically concerned with the early stage of amplitude modulation instabilities due to quadratic and cubic nonlinearities, and we consider in particular dispersive propagation in a one-dimensional space, or diffraction in a two-dimensional space.

After the first observations of wave instability (Benjamin and Feir [@CR7]; Rothenberg [@CR44], [@CR45]; see also e.g. Zakharov and Ostrovsky [@CR56]), the research on this subject has grown very rapidly because similar phenomena appear in various contexts such as water waves (Yuen and Lake [@CR53]), optics (Agrawal [@CR5]), Bose--Einstein condensation (Kevrekidis et al. [@CR31]) and plasma physics (Kuznetsov [@CR32]). Experimental findings were soon followed by theoretical and computational works. Predictions regarding short time evolution of small perturbations of the initial profile can be obtained by standard linear stability methods (see e.g. Skryabin and Firth [@CR47] and references therein). Very schematically, if *u*(*x*, *t*) is a particular solution of the wave equation, evolving in time *t*, and if $\documentclass[12pt]{minimal}
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                \begin{document}$$u+\delta u$$\end{document}$ is the perturbed solution of the same equation, then, at the first order of approximation, $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta u$$\end{document}$ satisfies a linear equation whose coefficients depend on the solution *u*(*x*, *t*) itself, and therefore, they are generally non-constant. Consequently, solving the initial value problem $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta u(x,0)\rightarrow \delta u(x,t)$$\end{document}$ in general is not tractable by analytical methods. It is only for special solutions *u*(*x*, *t*), such as nonlinear plane waves or solitary localized waves, see e.g. Skryabin and Firth ([@CR47]), that this initial value problem can be approached by solving an eigenvalue problem for an ordinary differential operator in the space variable *x*. In this way, the computational task reduces to constructing the eigenmodes, i.e. the eigenfunctions of an ordinary differential operator, while the corresponding eigenvalues are simply related to the proper frequencies. For very special solutions *u*(*x*, *t*), this procedure exceptionally leads to a linearized equation with constant coefficients which can be solved therefore via Fourier analysis. A simple and well-known example of this case is the linearization of the focusing nonlinear Schrödinger (NLS) equation $\documentclass[12pt]{minimal}
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                \begin{document}$$iu_t + u_{xx} + 2|u|^2 u=0$$\end{document}$ around its continuous wave (CW) solution $\documentclass[12pt]{minimal}
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                \begin{document}$$u(x,t)= e^{2it}$$\end{document}$. Here and thereafter, subscripts *x* and *t* denote partial differentiation, unless differently specified. The computation of all the complex eigenfrequencies, in particular of their imaginary parts, yields the relevant information about the stability of *u*(*x*, *t*), provided the set of eigenmodes be complete in the functional space characterized by the boundary conditions satisfied by the initial perturbation $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta u(x,0)$$\end{document}$. Since the main step of this method is that of finding the spectrum of a differential operator, the stability property of the solution *u*(*x*, *t*) is also referred to as *spectral stability*. It is clear that this method applies to a limited class of solutions of the wave equation. Although herein we are concerned with linear stability only, quite a number of studies on other forms of nonlinear waves stability have been produced by using different mathematical techniques and aimed at various physical applications. For instance, variational methods to assess orbital stability have been applied to solitary waves and standing waves (e.g., see Maddocks and Sachs [@CR37]; Georgiev and Ohta [@CR22]).

An alternative and more powerful approach to stability originated from Ablowitz et al. ([@CR4]) shortly after the discovery of the complete integrability and of the spectral method to solve the Korteweg--de Vries (KdV) and NLS equations (e.g. see the textbooks Ablowitz and Segur [@CR3]; Calogero and Degasperis [@CR10]; Novikov et al. [@CR40]). This method stems from the peculiar fact that the so-called *squared eigenfunctions* (see next section for their definition) are solutions of the linearized equation solved by the perturbation $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta u(x,t)$$\end{document}$. Indeed, depending on boundary conditions, this technique yields a representation of the perturbation $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta u(x,t)$$\end{document}$ in terms of such squared eigenfunctions. With respect to the spectral methods in use for non-integrable wave equations, the squared eigenfunctions approach to stability shows its power by formally applying to almost any solution *u*(*x*, *t*), namely also to cases where standard methods fail. Moreover, this method, with appropriate algebraic conditions, proves to be applicable (see Sect. [2](#Sec2){ref-type="sec"}) to a very large class of matrix Lax pairs and, therefore, to quite a number of integrable systems other than KdV and NLS equations (e.g. sine-Gordon, mKdV, derivative NLS, coupled NLS, three-wave resonant interaction, massive Thirring model and other equations of interest in applications). Its evident drawback is that its applicability is limited to the very special class of integrable wave equations. Notwithstanding this condition, it remains of important practical interest because several integrable partial differential equations have been derived in various physical contexts as reliable, though approximate, models (Dodd et al. [@CR19]; Ablowitz and Segur [@CR3]; Dauxois and Peyrard [@CR12]). Moreover, the stability properties of particular solutions of an integrable wave equation provide a strong insight about similar solutions of a different non-integrable, but close enough, equation. Among the many properties defining the concept of integrability the one that we consider here is the existence of a Lax pair of two linear ordinary differential equations for the same unknown, one in the space variable *x* and the other in the time variable *t* (see next Section), and whose compatibility condition is just the wave equation. Thus, a spectral problem with respect to the variable *x* already appears at the very beginning of the integrability scheme. With appropriate specifications, as stated below, this observation leads to the construction of the eigenmodes of the linearized equation, in terms of the solutions of the Lax pair. Moreover, via the construction of the squared eigenfunctions one is able to compute the corresponding eigenfrequency $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$, which gives the (necessary and sufficient) information to assess linear stability by the condition $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Im}(\omega ) >0$$\end{document}$. Explicit expressions of such eigenmodes have been obtained if the unperturbed wave amplitude *u* is a cnoidal wave (e.g. see Kuznetsov and Mikhailov [@CR33]; Sachs [@CR46]; Kuznetsov et al. [@CR35] for the KdV equation and Kuznetsov and Spector [@CR34] for the NLS equation), or if it is a soliton solution (Yang [@CR49]) or, although only formally, an arbitrary solution (Yang [@CR50]). Therefore, the computational strategy amounts to constructing the set of eigenmodes and eigenfrequencies. It should be pointed out that the integrability methods, in an appropriate functional space of the wave fields *u*(*x*, *t*), provide also the way of deriving the closure and completeness relations of the eigenmodes, see e.g. Kaup ([@CR29]), Yang ([@CR49], [@CR50]) for solutions which vanish sufficiently fast as $\documentclass[12pt]{minimal}
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                \begin{document}$$|x|\rightarrow 0$$\end{document}$. In this respect, a word of warning is appropriate. The boundary conditions imposed on the solutions *u*(*x*, *t*) play a crucial role in proving that the wave evolution be indeed integrable. Thus, in particular for the NLS equation, integrability methods have been applied so far to linear stability of wave solutions which, as $\documentclass[12pt]{minimal}
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                \begin{document}$$|x|\rightarrow \infty $$\end{document}$, either vanish as a localized soliton (Yang [@CR49]), or go to a CW solution (see the lecture notes Degasperis and Lombardo [@CR16]), or else are periodic, $\documentclass[12pt]{minimal}
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                \begin{document}$$u(x,t)=u(x+L,t)$$\end{document}$ (Bottman et al. [@CR9]). In these cases, by solving the so-called direct spectral problem, to any solution *u*(*x*, *t*) one can associate a set of spectral data, the spectral transform, say the analogue of the Fourier transform in a nonlinear context. This correspondence allows to formally solve the initial value problem of the wave equation. As a by-product, this formalism yields also a spectral representation of the small perturbations $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta u(x,t)$$\end{document}$ in terms of the corresponding small change of the spectral data. This connection is given by the squared eigenfunctions (see Ablowitz et al. [@CR4]; Kaup [@CR29]; Yang and Kaup [@CR52] for the NLS equation and Calogero and Degasperis [@CR10] for the KdV equation) which play the role which the Fourier exponentials have in the linear context. Indeed, the squared eigenfunctions, which are computed by solving the Lax pair, are the eigenmodes of the linearized equation for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta u(x,t)$$\end{document}$. This result follows from the inverse spectral transform machinery. However, as we show below, the squared eigenfunctions' property of being solutions of the linearized equation is a local one, as it follows directly from the Lax pair without any need of the spectral transform. More than this, integrability allows to go beyond the linear stage of the evolution of small perturbations. This is possible by the spectral method of solving the initial value problem for the perturbed solution $\documentclass[12pt]{minimal}
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                \begin{document}$$u+\delta u$$\end{document}$ which therefore yields the long time evolution of $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta u$$\end{document}$ beyond the linear approximation (see, for instance, Zakharov and Gelash [@CR54]; Biondini and Mantzavinos [@CR8]). However, this important problem falls outside the scope of the present work and it will not be considered here (for the initial value problem and unstable solutions of the NLS equation, see Grinevich and Santini [@CR23], [@CR24], [@CR25])

The stability properties of a given solution *u*(*x*, *t*) may depend on parameters. These parameters come from the coefficients of the wave equation and from the parameters (if any) which characterize the solution *u*(*x*, *t*) itself. This obvious observation implies that one may expect the parameter space to be divided into regions where the solution *u*(*x*, *t*) features different behaviours in terms of linear stability. Indeed, this is the case, and crossing the border of one of these regions by varying the parameters, for instance a wave amplitude, may correspond to the opening of a gap in the instability frequency band, so that a *threshold* occurs at that amplitude value which corresponds to crossing. The investigation of such thresholds is rather simple when dealing with scalar (one-component) waves. For instance, the KdV equation has no frozen coefficient, for a simple rescaling can set them equal to any real number, so that it reads $\documentclass[12pt]{minimal}
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                \begin{document}$$u_t+u_{xxx}+uu_x=0$$\end{document}$. On the other hand, after rescaling, the NLS equation comes with a sign in front of the cubic term, distinguishing between defocusing and focusing self-interaction. These two different versions of the NLS equation lead to different phenomena such as modulation stability and instability of the continuous wave solution (for an introductory review, see Degasperis and Lombardo [@CR16]). Wave propagation equations which model different physical systems may have more structural coefficients whose values cannot be simultaneously, and independently, rescaled. This is the case when two or more waves resonate and propagate while coupling to each other. In this case, the wave equations do not happen to be integrable for all choices of the coefficients. A well-known example, which is the focus of Sect. [3](#Sec4){ref-type="sec"}, is that of two interacting fields, $\documentclass[12pt]{minimal}
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                \begin{document}$$u_j$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$j=1,\,2$$\end{document}$, which evolve according to the coupled system of NLS equations$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} iu_{jt} +u_{jxx} -2\,(s_1|u_1|^2 + s_2|u_2|^2)\,u_j=0\,,\quad j=1,\,2\,, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$(s_1|u_1|^2 + s_2|u_2|^2)$$\end{document}$ is the self- and cross-interaction term. This is integrable only in three cases (Zakharov and Shulmann [@CR55]), namely (after appropriate rescaling): $\documentclass[12pt]{minimal}
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                \begin{document}$$s_1=s_2=1$$\end{document}$ (defocusing Manakov model), $\documentclass[12pt]{minimal}
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                \begin{document}$$s_1=s_2=-1$$\end{document}$ (focusing Manakov model) (Manakov [@CR38]) and the mixed case $\documentclass[12pt]{minimal}
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                \begin{document}$$s_1=-s_2=1$$\end{document}$. These three integrable systems of two coupled NLS (CNLS) equations are of interest in few special applications in optics (Menyuk [@CR39]; Evangelides et al. [@CR20]; Wang and Menyuk [@CR48]) and in fluid dynamics (Onorato et al. [@CR41]), while, in various contexts (e.g. in optics (Agrawal [@CR5]) and in fluid dynamics (Yuen and Lake [@CR53]; Ablowitz and Horikis [@CR2])), the coupling constants $\documentclass[12pt]{minimal}
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                \begin{document}$$s_1$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$s_2$$\end{document}$ take different values and the CNLS system happens to be non-integrable. Yet the analysis of the three integrable cases is still relevant in the study of the (sufficiently close) non-integrable ones (Yang and Benney [@CR51]). The linear stability of CW solutions, $\documentclass[12pt]{minimal}
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                \begin{document}$$|u_j(x,t)|=$$\end{document}$ constant, of integrable CNLS systems is of special interest not only because of its experimental observability, but also because it can be analysed via both standard methods and the squared eigenfunctions approach. As far as the standard methods are concerned, the linear stability of CW solutions has been investigated only for the focusing and defocusing regimes, but not for the mixed one ($\documentclass[12pt]{minimal}
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                \begin{document}$$s_1=-s_2$$\end{document}$), and only in the integrable cases, by means of the Fourier transform (Forest et al. [@CR21]). Conversely, as far as the integrability methods are concerned, it has been partially discussed in (Ling and Zhao [@CR36]) to mainly show that instability may occur also in defocusing media, in contrast to scalar waves which are modulationally unstable only in the focusing case. In the following we approach the linear stability problem of the CW solutions of ([1](#Equ1){ref-type=""}) within the integrability framework to prove that the main object to be computed is a spectrum (to be defined below) as a curve in the complex plane of the spectral variable, together with the eigenmodes wave numbers and frequencies defined on it. In particular, we show that the spectrum which is relevant to our analysis is related to, but *not coincident* with, the spectrum of the Lax equation for $\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi $$\end{document}$. In addition, if $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$ is the spectral variable, the computational outcome is the wave number $\documentclass[12pt]{minimal}
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                \begin{document}$$k(\lambda )$$\end{document}$ and frequency $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega (\lambda )$$\end{document}$, so that the dispersion relation and also the instability band are implicitly defined over the spectrum through their dependence on $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$. Since spectrum and eigenmodes depend on parameters, we explore the entire parameter space of the two amplitudes and coupling constants to arrive at a complete classification of spectra by means of numerically assisted, algebraic-geometric techniques. Our investigation in Sect. [3](#Sec4){ref-type="sec"} illustrates how the linear stability analysis works within the theory of integrability. Our focus is on *x*- and *t*-dependent CWs, a case which is both of relevance to physics and is computationally approachable. This case is intended to be an example of the general method developed in Sect. [2](#Sec2){ref-type="sec"}. It is worth observing again that the linear stability of the CW solutions can indeed be discussed also by standard Fourier analysis, e.g., see Forest et al. ([@CR21]) for the CNLS systems in the focusing and defocusing regimes. However, such analysis is of no help to investigate the stability of other solutions. On the contrary, at least for the integrable CNLS system ([1](#Equ1){ref-type=""}), our method relies only on the existence of a Lax pair, and as such, it has the advantage of being applicable also to other solutions as well. In particular, it can be applied to the CW solutions in all regimes (as we do it here), as well as to solutions such as dark--dark, bright--dark and higher-order solitons travelling on a CW background, to which the standard methods are not applicable.

This article is organized as follows. In the next section (Sect. [2](#Sec2){ref-type="sec"}), we give the general (squared eigenfunctions) approach together with the expression of the eigenmodes of the linearized equation for the $\documentclass[12pt]{minimal}
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                \begin{document}$$N\times N$$\end{document}$ matrix scheme, so as to capture a large class of integrable systems. There we define the *x*-spectrum in the complex plane of the spectral variable. In Sect. [3](#Sec4){ref-type="sec"}, we provide an example of application of the theory by specializing the formalism introduced in Sect. [2](#Sec2){ref-type="sec"} to deal with the CNLS equations. We characterize the *x*-spectrum in the complex plane of the spectral variable according to their topological features, and we cover the entire parameter space according to five distinct classes of spectra. This characterization of the spectrum holds under the assumption that the small perturbation of the background CW solution is localized. Sect. [3.3](#Sec7){ref-type="sec"} is devoted to discussing the classification of spectra and the corresponding stability features in the focusing, defocusing and mixed coupling regimes, in terms of the physical parameters, while a conclusion with open problems and perspectives of future work is the content of Sect. [4](#Sec8){ref-type="sec"}. Details regarding computational and numerical aspects of the problem are confined in Appendices.

Integrable Wave Equations and Small Perturbations {#Sec2}
=================================================

The integrable partial differential equations (PDEs) which are considered here are associated with the following pair of matrix ordinary differential equations (ODEs), also known as *Lax pair* (e.g. see Calogero and Degasperis [@CR10]; Novikov et al. [@CR40]; Ablowitz and Clarkson [@CR1]),$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Psi _x=X\Psi \,, \quad \Psi _t=T\Psi \,, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi $$\end{document}$, *X* and *T* are $\documentclass[12pt]{minimal}
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                \begin{document}$$N\times N$$\end{document}$ matrix-valued complex functions. The existence of a fundamental (i.e. non singular) matrix solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Psi =\Psi (x,t)$$\end{document}$ of this overdetermined system is guaranteed by the condition that the two matrices *X* and *T* satisfy the differential equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} X_t - T_x + [X\,,\,T] =0\,. \end{aligned}$$\end{document}$$We recall here that, unless differently specified, a subscripted variable means partial differentiation with respect to that variable, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[ A \,,\, B ]$$\end{document}$ stands for the commutator $\documentclass[12pt]{minimal}
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                \begin{document}$$ AB-BA$$\end{document}$. In order to identify this condition ([3](#Equ3){ref-type=""}) as an integrable partial differential equation for some of the entries of the matrix *X*, it is essential that both matrices *X* and *T* parametrically depend on an additional complex variable $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$, known as the *spectral parameter*. In order to make this introductory presentation as simple as possible, we assume that $\documentclass[12pt]{minimal}
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                \begin{document}$$X(\lambda )$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$T(\lambda )$$\end{document}$ be polynomial in $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$ with degrees *n* and *m*, respectively. As a consequence, the matrix $\documentclass[12pt]{minimal}
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                \begin{document}$$X_t - T_x + [X\,,\,T]$$\end{document}$ is as well polynomial in $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$ with degree $\documentclass[12pt]{minimal}
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This is a straight consequence of the Jacobi identity and of the assumption that the matrix $\documentclass[12pt]{minimal}
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Proposition 2 {#FPar2}
-------------
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Next the matrix *Q*(*x*, *t*) in ([12](#Equ12){ref-type=""}) is taken to be block-off-diagonal, whose entries are assumed to be functions of *x*, *t* only. Its required property is just differentiability up to sufficiently high order, while no relation among its entries is assumed.

The matrix *T*, see ([12](#Equ12){ref-type=""}), satisfies compatibility condition ([3](#Equ3){ref-type=""}), which entails the following expression of the coefficients$$\documentclass[12pt]{minimal}
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Proposition 3 {#FPar3}
-------------
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Through the rest of the paper, we maintain these locality conditions so that the resulting evolution equation for the matrix *Q* reads$$\documentclass[12pt]{minimal}
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Proposition 4 {#FPar4}
-------------
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**Sketch of a Proof**   The proof of this result is obtained by straight computation, which is rather long and tedious. Therefore, we skip detailing plain steps, but, for the benefit of the reader, we point out here just a few hints on how to go through the calculation which is merely algebraic.
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Wave Coupling and Spectra: An Example {#Sec4}
=====================================

In order to illustrate the results of the previous section and to capture, at the same time, a class of nonlinear wave phenomena of physical relevance (including the system of two coupled NLS equations), the rest of the paper will focus on the matrix case $\documentclass[12pt]{minimal}
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The spectral analysis based on Proposition [4](#FPar4){ref-type="sec"} applies to a large class of solutions *Q*(*x*, *t*) of nonlinear wave equation ([31](#Equ31){ref-type=""}). However, analytic computations are achievable if the fundamental matrix solution $\documentclass[12pt]{minimal}
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The main focus of this section is understanding how the spectrum $\documentclass[12pt]{minimal}
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Definition 1 {#FPar5}
------------
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To the purpose of establishing the stability properties of continuous wave solution ([35](#Equ35){ref-type=""}), we do not need to compute integral representation ([51](#Equ52){ref-type=""}) of the solution $\documentclass[12pt]{minimal}
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Proposition 5 {#FPar6}
-------------

Continuous wave solution ([35](#Equ35){ref-type=""}) is *stable* against perturbations $\documentclass[12pt]{minimal}
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Proof {#FPar7}
-----
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Branches and Loops {#Sec6}
------------------

In the previous subsection, we have described the gaps of the spectrum $\documentclass[12pt]{minimal}
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### Proposition 9 {#FPar11}
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At the threshold values, the dynamics of the transitions between the five types of spectra can be very rich, and phenomena such as the merging of a branch and a loop to form a single branch can be observed; however, in the simplest cases (which are the majority), gaps, branches and loops open up from, or coalesce into points. An important threshold case is $\documentclass[12pt]{minimal}
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Examples of different spectra have been computed numerically by calculating the zeros of $\documentclass[12pt]{minimal}
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Modulational Instability of Two Coupled NLS Equations {#Sec7}
-----------------------------------------------------

In this section, we discuss the consequences of the results obtained so far in the framework of the study of the instabilities of a system of two coupled NLS equations.
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### Remark 1 {#FPar12}
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This follows from Proposition [9](#FPar11){ref-type="sec"} and from our classification of the spectra in the parameter space into five types, all of which have a non-empty complex (non-real) component. The condition $\documentclass[12pt]{minimal}
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### Remark 2 {#FPar13}
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The relevant point here is the dependence on $\documentclass[12pt]{minimal}
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### Proposition 10 {#FPar14}
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These statements are straight consequences of Proposition [9](#FPar11){ref-type="sec"} via transformation ([76](#Equ78){ref-type=""}).
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Summary and Conclusions {#Sec8}
=======================

A sufficiently small perturbation of a solution of a (possibly multicomponent) wave equation satisfies a linear equation. If the wave equation is integrable, the solution of this linear equation is formulated in terms of a set of eigenmodes whose expression is explicitly related to the solutions of the Lax pair. We give this connection in a general $\documentclass[12pt]{minimal}
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The aim of this section is to provide additional details of the gap structure of the spectrum $\documentclass[12pt]{minimal}
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Analysis of the *x*-Spectrum {#Sec10}
============================

As pointed out in Sect. [3.2](#Sec6){ref-type="sec"}, the nature and the number of the components of the *x*-spectrum $\documentclass[12pt]{minimal}
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Sturm Chains and Spectra Classification in the (*r*, *p*)-Plane {#Sec11}
---------------------------------------------------------------
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### Proposition 11 {#FPar15}
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Numerical Computation of the Spectra {#Sec12}
====================================
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The simultaneous computation of all the roots of all polynomials has been performed via the standard technique of evaluating the eigenvalues of a companion matrix, as per implemented in MATLAB R2017a. Note also that all spectra have been verified using an objective-function technique over the imaginary part of the differences of the $\documentclass[12pt]{minimal}
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